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(a) Crisp (Classical) Partition

(b) Fuzzy Partition
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EÉ¸	Ü�su¬)x�º¼ÝÜqs�3Ùx
V?�bXl��X7�Ù�;XfUp\[�bhkw�cd_`R`m$ZphiS{R�hv\ÕWYX7Z[XfU[��hkRbXfW�\^_;m���Zp�`ozZ

¶ © s�6Yx�Ä87 © $CP�9;:�< ¶�sdÃ.x
; SVR;\^X¥á{_`X7R&Z2<kaVgboVR&a�cd_`R`m$ZphiS{R`\Õo�UpXjo��=<kX�Z[S��5X�oVWYS{wYZ[XnWÉ>�hiZ[�`hiR�cd_befe7aO��SYWYX@<k\f|
4?ã>= ÓtÔ�Õ³ÕÖ9 [Q]3ë`_£èa]3åbê0ëbærì�íÍçV?�bX�cdSj<C<kS1>�hkR=By\^Zpo�R;Wbo�U�W \^X7ZÙSVw5X7U�ozZphiS{R`\jR`oV��X�<kaTm7SV��w=<kX7��X7R&Z�suRbS�Z$x$gAhkR&Z[X7U�\[Xfm$ZphiS{RsuoVR`W`xJg`o�R`W�_bRbhkSVRÑsuSVU$x�oVU[XlhkR&Z[UpS�Wb_`mJXnWO��an�.o{WYX7�}¸
? �fÎb�&K�Î=J�KOH��5ÏÑÐ�Òu��Ï£���.� ©�suÃ5x�Ä Á^xT©ÙsdÃ.x s�{&x
? �fÎb�&K�Î=J�KA@J�.�f�ôJB
f��CV�f�u�5�

s�©¹þnmÙx7sdÃ5xÅÄËq�õ´øF¦ ©ÙsdÃ5xJÀ2m�sdÃ5xÅ¨ s5XVx
? �fÎb�&K�Î=J�KAD��0�u�5� s�© � mÙxJsuÃ5x�Ärqq÷{Ã&¦ ©ÙsdÃ.x$À2m�sdÃ.x ¨ s � x
V?�bXn\^XÅSVw5X7U�ozZphiS{R`\0w;XfU^cdS{U[�ÞwbUpXfm7hk\[X�<ka�oV\�Zp�bX�mJSVUpUpXf\[w;S{R`WYhkR=BñS{w;XfUpo�Z[hkSVR`\}cdSVU0Z[�`XÕmJUphk\[w\[XJZp\f|V?�bX7UpX�oVU[X�m�<ko{\[\[Xf\�SVcA�bhiR;o�Upa�S{w;XfUpo�Z[hkSVR`\?S{RqZ[�bXÙ_bRbhiZÍhkR{ZpX7U+Azo:< cdS{UÍmJS{��w=<iXf��X7R&ZfghkR{ZpX7U�\^Xnm$ZphiS{R s�BVXfRbX7U�o:<�<ia)U[X7cdX7UpU[XnWÑoV\lZ2ß§R`SVUp��x�o�R`WÑ_`RbhiS{R­s�B{X7RbXfUpo	<C<kayUpXJcdXfU[UpXfW oV\�ZÐßmJS{RbSVUp��x3\pozZphk\^cda�hiR=B�mJXfU^Z�o�hkRÙo1SYhkSV��\0\^_`m���oV\��;S{_bR`WboVU[a{gz��SVRbSVZ[SVR`hkm7h~Zra{g�mJSV���Ù_YZpo�Z[h�AjßhiZraVg o�R`WyoV\p\^SYmJhvozZphCA�hiZraV|�×`SVU�¥p³�ØÕ¦.�i�7Ø��7�`�ÍSVw5X7U�ozZ[S{Ufg`Z[�bXÙcdS	<�<kS1>�hiR=BOwbU[S{w;XfU^ZphiXn\Õ�Ù_`\rZ�5X�\[o�Z[hv\!Þ`XnW ¸
��Ì3���;ÏFE�G��IH0�WK0Î�J�LrH��5�&K��u�f�u�5�

,�su¿&x�Ä
Á,�srÁ=x�Ä ¿ s���x
��Ì3���;ÏFE�� �5���;�f�5�0��CV�u�ML

� ÷5À+*�È ¦ ¿bÀfÁ�¨´À[÷�¼Ë*�J ,�su÷Yx^ÈÁ,�s5*Jx s � x
��Ì3���;ÏFE.HÙ�;�.�n�u�KH0�d�ML�L
M�N¢,�hv\�o�m7SVR&Z[hkR�_bSV_;\Åcd_bR`m$ZphiS{R3|




��	
�
������������������! �"$#&%(' �
��Ì3���;ÏFE�@J�PO5�;Ò�H}�n�u�5�QLRMSM�N

,�s�,Vsu÷Yx^x�Ä9÷.�O÷OÈ ¦ ¿bÀfÁ�¨
�}SYhkSV��\I>�hiZ[�TM�o�R`WUMSM�o�UpXñUpX@á&_bhkU[XnW�Z[S�\^_bw`w;S{U^Z�Z[�bX�hiRlA{S	<k_YZ[hkSVR�w`U[S{w;XfU^Zra{|&V?�bXcdS	<�<kS1>�hiR=B�m�<voV\p\[Xf\?S�c�mJS{��w�<iXf��XfR&Zñ\^_bw`w;S{U^Z�\ÅZ[�bXjhkRlAVS	<k_YZphiS{R3|
Ú |Y_=BVXfRbS�m�<voV\p\ ,�V;s�÷Yx�Ä Á}x ÷Á?wXWY.7÷[Z ·¡U�\1U]WqÈÑs!xjÁ{ÀR	àx
Ú_^ o	BVXfUÕm�<voV\p\ ,
`�su÷Yx�Ä srÁ}x ÷ ` xSab Z ·¡U�\1UdctÈÑsu¿`ÀR	àxàÅS�Zp��m�<ko{\[\[Xf\ÅhkR`m�<k_`WYXlZp�bX�\rZ�o�R`W`o�U�W�cd_befe7a�mJSV��w=<kX7��XfR{Zn|T3X7Zñõ��5X�oVR]SVw5X7U�ozZ[S{U�hiRqZ2ß§R`SVUp� suhiR&Z[XfUp\[XfmJZ[hkSVR;xI� ÷5À+*=À+,lÈ�¦ ¿`À7Á�¨§|^V?�bX7R�>ÅXj�`o�A{XZ[�`XlcdS	<�<iS1>�hkR=B�wbU[S{w;XfU^ZphiXn\7¸

��Ì3���;ÏFE�G��IH0�WK0Î�J�LrH��5�&K��u�f�u�5�
õ$su÷5ÀfÁnxAÄ­÷ s � x

��Ì3���;ÏFE�� �5���;�f�5�0��CV�u�ML
*t¼ ùeJ õ$su÷5ÀM*JxQ¼àõ$s�÷;Àpù&x s^Áf¿{x

��Ì3���;ÏFE.HÙ�;Ï¹ÏTH��fÎY�n�;O3�u�+L õ$su÷5ÀM*JxAÄ õ$s5*zÀ[÷Yx s^ÁVÁnx
��Ì3���;ÏFE���
�
n��CV��ÎY�f��O3�d�ML õ$s�÷;À[õ$s5*=Àpù&x[x�Ä õ$sdõ$s�÷;ÀM*Jx$Àpù&x s^Á¥)Vx
V?�bX�cdSj<C<kS1>�hkR=BÉSVw5X7U�ozZpSVU�\�o�UpX�X�SYoV��w=<iXn\�SVcÅZ2ß§R`SVUp� suhiR&Z[XfUp\[XfmJZ[hkSVR;x�S�Zp�bX7U�Z[�`oVRÑZ[�bX\^Zpo�R;Wbo�U�W�hkR&Z[X7U�\[Xfm$ZphiS{R�S{w;XfUpo�Z[S{Uf¸
�OÒ��;�-f&JzÎb��C2g.Jz��KhHiC�� su©àþ�m�xJsuÃ5x�Ä­©�suÃ5xj.¥*zsdÃ.x s^Á z x
G��IH0�WK0�lK ����k��ôJ=���iCV�

su©¹þnmÙx7sdÃ.x�Ä`qq÷&ÃW¦ ¿bÀp©�sdÃ.xhw�mOsdÃ.x(xtÁ�¨ s^Á�{&x
��J=Î�
7�n��CU@J�.�f�ôJB
n�-CV�f���;�

su©¹þnm�xJsdÃ.x�Ä¹¸º » ©�sdÃ.x õ!E m�sdÃ.x�Ä
ÁmOsdÃ.x õ!E ©ÙsdÃ.x�ÄÞÁ¿ lnmÐ·¡U�\ Z õpo@U s^Á¥XVx
|�hk��h�<vo�U+<ia�cdSVUAZ2ß´m7SVRbS{U[� sd_bRbhkSVR;\pxrq0g�Zp�bX�cdSj<C<kS1>�hiR�B�w`U[S{w;XfU^ZphiXn\A��_`\^Z��5Xñ\[o�Z[hv\!Þ;XfW ¸V?�bXfRn>ÅXl�`o�AVXÍZ[�`XlcdS	<�<iS1>�hkR=B�cdSVU?Z2ß§RbS{U[�q¸
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��Ì3���;ÏFE�G��IH0�WK0Î�J�LrH��5�&K��u�f�u�5�

q�su÷5À[¿&x�Ä ÷ s^Á � x
��Ì3���;ÏFE�� �5���;�f�5�0��CV�u�ML

*t¼ ùeJsq�su÷5ÀM*JxQ¼Xq�su÷5Àpù&x s^Á���x
��Ì3���;ÏFE.HÙ�;Ï¹ÏTH��fÎY�n�;O3�u�+L q�su÷5ÀM*JxAÄtq�s5*=Àp÷Yx s^Á � x
��Ì3���;ÏFE���
�
n��CV��ÎY�f��O3�d�ML

q�su÷5Àuq�s5*=Àpù&x[xAÄtq�s;q�su÷5À+*7x$À[ù�x s^Á � x
R(SboV��w�<iXn\�cdS{U?ZÐß"mJS{RbSVUp��SVw5X7U�ozZpSVU�\�oVU[Xjo{\ÅcdS	<�<iS1>Õ\f¸
�OÒ��;�-f&JzÎb��C ? H0Ï

s�© � mÙxJsuÃ5xÅÄ ©�suÃ5x&w m�sdÃ5xFxT©ÙsdÃ.xr.@m�sdÃ5x s�)�¿{x
G��IH0�WK0�lK ? H0Ï s�© � mÙxJsuÃ5x�Ärq�õ§øF¦iÁVÀp©�suÃ5x�w�mOsdÃ.x ¨ s�)YÁnx
��J=Î�
7�n��CUD��0�u�5�

su©¹þnm�xJsdÃ.x�Ä¹¸º » ©�sdÃ.x õ!E m�sdÃ.x�Ä ¿mOsdÃ.x õ!E ©ÙsdÃ.x�Ä­¿Á lnmÐ·¡U�\ Z õpo@U s�)	)Vx
V?�bX7UpXqo�UpX�m�<voV\p\[Xf\�SVcÕZÐß´RbS{U[�Öo�R;WÑZÐß"mJS{RbSVUp�q| �ñ\�S�cñR`S1>jgASVR=<ka Z[�bXq\^Zpo�R;Wbo�U�WSVw5X7U�ozZphiS{R`\�oVU[XÕm7SVR`\[hk\^Z[XfR&Z�SVR�Zp�bXñS{w;XfUpo�Z[hkSVR`\ASVc�ú�ß"mJ_YZ�\ñs�<iX@AVX�<5\^X7Zp\�x$|�Q"ROo{WbWYhiZ[hkSVR3g&h~Zhv\?hi��w5SVU[Zpo�R&Z?Z[S���o�hkR&ZpoVhiRqmJS{��w;ozZ[hk�bh�<ihiZ[hkXf\?SVc�cd_`e7e7a�\^X7Z?S{w;XfUpo�Z[hkSVR`\?oVR`WOS{w;XfUpo�Z[hkSVR`\SVR���oV\p\ oV\p\^h�BVR`��XfR&Zp\ WYXf\pmJUphk�;XnW�<vozZpX7Un|

4?ã�v eËfFf�å�]�f�ê0ëbærì�í�tBjBVUpX�B&ozZ[hkSVRtSVw5X7U�ozZphiS{R`\�S{R cd_be7efa \^X7Zp\Om7SV�Ù�bhiR`Xy\^X@AVXfUpo	<�cd_be7efa \^X7Zp\�hkR­S{UpWYXfU�Z[SBVXfRbX7U�ozZpX�o�\[hiR�B	<kXÍcd_`e7e7a�\^X7Zf|
w ¸�¦ ¿bÀfÁ�¨yx�º¼�¦ ¿bÀfÁ�¨ Z ·¡U�\1UÕø ÈË)zTX�WYX7RbSVZ[Xjo:BjBVUpX�B&ozZ[hkSVR�cd_bR`m$ZphiS{R2w

©ÙsdÃ5x�Ä{w)s�© - sdÃ5xJÀ������nÀ[© x suÃ5x[x&��Ã]Èq¬V?�bXfU[Xjo�UpXÍZ[�bUpX7XjUpX@á&_bhkU[XnWOo:S�hkSV��\�oVR`W�Z!>ÅS�oVWbWbh~ZphiS{R`o:< Xn\[\[X7R&Z[hvo:<3o:SYhiS{��\
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Ú �OÌ3�u�5ÏtE]GÙ�SH��&K0Î�J�LXCV�5�&K��u�f�u�5�i
w)su¿`À������JÀ[¿&x�Ä­¿w)srÁ{À������JÀ7Á=x�ÄÞÁ
Ú �OÌ3�u�5ÏtE]� �;�0�;�f�5����CV�d�MLw)s�÷ - À������7Àp÷ x xQ¼|w)s�* - À������7À+* x xAõÅEO÷ ó ¼Á* ó ��õ�È ¦iÁVÀ[øÖ¨
Ú �OÌ3�u�5ÏtE�H��5�.�f���KH��u�MLTw hv\�o�mJSVR&ZphiR�_bS{_`\Åcd_bR`mJZ[hkSVR3|
Ú �OÌ3�u�5ÏtE ? L3Ï£Ï¹�{�@Jz��C[L
M�Nw)su÷=-zÀ������7Àp÷ x x�Ätw)s�÷~} $§-u9 À������fÀ[÷�} $ x 9 xcdS{UÕo�R�a�w5X7Up��_YZ�ozZphiS{Re�]S{R ¦iÁVÀ[øÖ¨§|
Ú �OÌ3�u�5ÏtE]@�K���ÏÑÐ��`�n�&�iC:L w)su÷5À������fÀ[÷Yx�Ä9÷

R(SboV��w�<iXn\
Ú|� XfRbX7U�o:<khke7XfW���XfoVR

w)s�÷ - À������7Àp÷ x x�Ä sn� xó�:W- ÷ ýóø x a,
Ú�� o�Up��SVRbhvm���Xno�R w)su÷ - À������JÀ[÷ x x�Ä ø

� xó�:W- -´��Ú �ñU[hiZ[�`��X7Z[hvmj��XfoVR w)s�÷ - À������fÀ[÷ x x�Ä Áø x� ó�:W- ÷ ó
Ú zTX7h�BV�&ZpXfWqo�AVXfUpo	BVX w)su÷=-zÀ������7Àp÷ x x�Ä x� ó�:W- Z óK.f÷�ó>��`X7UpX � Z ó ÄÞÁÚX� U�WYXfU[XnWÉ>ÅX7h�BV�&Z[XnW�o�A{X7U�o:B{X�s � z �Íx

w)su÷ - À������JÀ[÷ x x�Ä � Z ó .¥* ó>��`X7UpXa*Jó�hk\?Zp�bXjõ�ß�Zp��<vo�U+BVXn\rZ?X�<kX7��XfR{Z�Èq÷=-zÀ������JÀ[÷ x�tBjBVUpX�B{o�Z[hkSVR`\qmfo�R
�;X�A&hkX�>ÅXfW
o{\ÉoËBVXfRbX7U�o:<khienozZphiS{RüSVcÙcd_befe7a
\^X7ZÉSVw5X7U�ozZphiS{R`\7|V?�bhv\�A�hiX@>�S:~.X7U�\�hiR&Z[XfU^cuo{mJXn\ÙhkRtSVU�WYX7U�cdSVU�cd_befe7a¹\[XJZ�\�Z[SÑoVWbSVwYZ�SVU�Z[S �5X]oVWYS{wYZ[XnW��aqS�Z[�`X7UlmJSV��wb_bZpozZphiS{R`o:<�cdU�o���X�>ÅSVU+ Y\ñ\[_`m��yoV\ÍRbXf_bUpo	<�RbXJZ!>ÅSVU+ Y\ño�R;W�BVXfRbXJZphkm�o:<�BVS	ßUph~Zp�b��\7|�s��ÕS�ZpXjZ[�;ozZ�\[_`m��Ém7SVR`\[SVU[Z[hk_b�»SVc�mJSV��wb_bZpozZphiS{R`o:<���XJZ[�`S�W`\Õhv\�Z[�`X�wbUphiR;mJhkw=<iXS�c�\^S	ß´mfo:<�<iXnW ? �¡ª§��HÙ�5ÏÑÐiH��f���h��| x




��	
�
������������������! �"$#&%(' Á{Á
4?ã�� 6)ì�"«èÍê0å;æ^ç&ì�í ìF��Ó�ÔtÕ³ÕÖ9ö[^] ëbçuÕR�<ih� VX�mJS{��w`o�UphiR�B�m�<ko{\[\[hkmfo:<�\^X7Zp\fgzZ[�`X7UpX?oVU[X?�Ù_=<~Zphiw�<iX^>?o=a�\0SVc5WYX7Z[X7Up��hiR`hiR=B�Zp�bXÕmJS{��ßw`oVU[hv\^S{R�cdSVU�cd_`e7e7a�\[XJZ�\��5Xfmfo�_`\[XÕS�c Zp�bX7hkU���Xf���5X7U�\^�bhkw�Azo:<k_bXn\7|rz o=a�\�S�c3WYX7Z[X7Up��hiR`hiR=Bo�\^hk��hC<vo�UphiZraOWYX�B{U[XfXÍ�5XJZ!>ÅX7XfR�Z!>�SÙcd_be7efa�\[XJZ�\7g��üo�R`WùHOgbhkR`m�<k_`WYX{¸

� hkR`WYX�S�SVc0hkR&Z[X7U�\[Xfm$ZphiS{RS�=hkR`m�<i_`\[hkSVR
ù�Ä ô ) þ � ôô ) ô s�) z x

� m7X7R&Z[UpSVhvW ùÙÄ ¶�+ho��ÕsdÃ������fx�w9s�,^x���,R�zxi.{sd¶�+Wo��ÕsdÃ������ Û - x(x)¶�+ho��ñsdÃ������7x[x>��`X7UpX ,�Ä � xÿ�:W- ¶�+ho��ÕsuÃYÿ=xj.2�� xÿ�:&- ¶ +ho�� suÃ ÿ x s�)1{&x
o{\[\[_b��hkR=B�Z[�`o�ZÕ��Xf���5X7U�\^�`hiwqWYX�B{U[XfXf\?¶�suÃYÿnx?o�UpXlhiRqRbS{R�ß"WYXfm7U[XnoV\[hiR=BÙSVU�WYX7Un|� ZpU[_bZ[��Azo:<k_bXjhiR&ZpX7U+A=o	<�su\[_bwbw5SVU[ZÕw`o�hkU�\pxù�Ä suøAÀ��5x s�)	XVx>��`X7UpX øÉÄA� P srÁ}xT¶ � suÃ5x^x#7O¶ + suÃ5x s�) � x
oVR`W ��ÄA� P ¶�+�suÃ5x#��¶��ÕsuÃ5x s�)j��x
Q"R9X@á&_`ozZphiS{R`\És�) � x�o�R`WÞs�)j��xJg�� oVR`W8� WYX7R`S�Z[Xy��hkRbhk��_b��oVR`W ��o1SYhi�Ù_b�S{w;XfUpo�Z[hkSVR`\�U[Xn\^w5XfmJZ[h�AVX@<ia{|]Q"RÑcd_be7efaÑ\^X7Z�Z[�`X7SVUpaVgA��o�R`W£Ð�oVU[X�UpXJcdXfU[UpXfWTZpS)oV\R`XfmJXn\[\[hiZraOo�R`W�w5S{\p\^hk�bh�<ihiZra�UpXf\[w;Xnm$ZphCA{X�<kaV|Q"RÑX�Sbo���w=<kXf\lSVc?m7SV��w`oVU[hv\^S{R)��X7Z[�bSYWb\�\[�bS1>�RÑo��5S1AVX{g Z[�`XOm7oVUpWYhkR`o	<ihiZraÉS�cÅcd_befe7a\[XJZl�;XnmJSV��Xn\ÍoVRyhv\[\[_bXV|��ñS�Z[XÙZ[�;ozZ�\^X@AVXfUpo	<�WYX�Þ`RbhiZ[hkSVR`\�S�cÅm7o�U�WYhkR`o:<khiZra�SVc�cd_be7efaÉ\^X7Zp\o�UpXlo�A=oVhC<vo���<iX{|yV?�`X7a�hkR`m�<k_`WYX{¸

� \[h�BV��o�mJSV_`R{Z ¸0cd_be7efa�m7o�U�WYhkR`o:<khiZra�SVc�o�cd_be7efaO\^X7Z?©c>�hiZ[�q\^_bw`w;S{U^Z�½fÃ - À������fÀ^Ã x Âhv\}B{hCA{X7RqoV\?o�U[Xno:<.R�_b���5X7UÍ\^_`m���Z[�;ozZ
� ÷-\zù¡ �� � Î�¢ x ² su©�x�Ä x� ó�:&- ¶3·?sdÃ5ó"x s�) � x

� cd_`e7e7a�R�_b���5X7U ¸�cd_befe7a m7oVUpWYhkR`o	<ihiZrayhv\�B{hCA{X7RÑoV\�o�cd_`e7e7aTR�_b���5X7U�sdhkR&Z[UpS�Wb_`mJXnW��an��|�T�|�£Õo:<kXf\pmJ_;xJgbh§| X{|�o�cd_`e7e7a�\^X7Z�SVR�R`ozZp_bUpo	< R�_b���5X7U�\7gb\[_`m���Z[�;ozZ
� ÷-\zù-¤¥�sdõrx�Ä

¦§§§§
¨

¿ ����� õ ����� ø
¶ ¤ suÃ ¿ x ¶ ¤ suÃ ó x ¶ ¤ sdÃ x x� ����� � ����� �s^Á}x)¶ ¤ sdÃ - x[x srÁtxT¶ ¤ suÃ ó Û - x^x s^Á}x)¶ ¤ sdÃ x Û - x^x

©�ªªªª
«

s�) � x
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